The degree distance of a connected graph G with vertex set V (G) is defined as
Introduction
Let G be a simple connected graph with vertex set V (G). For u, v ∈ V (G), let d G (u, v) be the distance between u and v in G. For u ∈ V (G), let d G (u) be the degree of u in G, and let D G (u) be the sum of distances between u and all vertices of G, i.e., D G (u) = v∈V (G) d G (u, v) . The degree distance of G is defined as [1, 2] 
In 1989, Schultz [3] (see also [4] ) put forward a "molecular topological index", M T I(G), of a connected graph G, which turns out to be [2] 
M T I(G) = D (G) + Zg(G),
where Zg(G) is equal to the sum of squares of the vertex degrees of G, which is known as the (first) Zagreb index [5] [6] [7] . In chemical literature [2] , the Schultz's molecular topological index and the degree distance are also named the Schultz index and the true Schultz index, respectively. Properties for molecular topological index may be found in, e.g., [8] [9] [10] [11] .
Recall that the Wiener index of a connected graph G is defined as [12, 13] W (G) = 1 2 u∈V (G) D G (u).
Gutman [2] showed that if G is an n-vertex tree, then D (G) = 4W (G) − n(n − 1). Thus, the study of the degree distance for trees is equivalent to the study of the Wiener index, which may be found in [12, 14] . An n-vertex connected graph is said to be unicyclic if it possesses n edges for n ≥ 3 and bicyclic if it possesses n + 1 edges for n ≥ 4. I. Tomescu [15] showed that the star is the unique graph with the minimum degree distance in the class of nvertex connected graphs. A.I. Tomescu [16] characterized the unicyclic and bicyclic graphs with the minimum degree distances. I. Tomescu [17] deduced properties of the graphs with the minimum degree distance in the class of n-vertex connected graphs with m ≥ n − 1 edges, which were determined recently by Bucicovschi and Cioabǎ [18] . Hou and Chang [19] characterized the unicyclic graphs with the maximum degree distance. The authors [20] determined the bicyclic graphs of exactly two cycles with the maximum degree distance. Dankelmann et al. [21] gave asymptotically sharp upper bounds for the degree distance.
In this paper, we determine the maximum degree distance of n-vertex unicyclic graphs with given maximum degree ∆, where 3 ≤ ∆ ≤ n − 2, the first seven maximum degree distances of n-vertex unicyclic graphs for n ≥ 6, and the corresponding graphs whose degree distances achieve these values.
Preliminaries
Let P n and S n be respectively the path and the star on n ≥ 1 vertices, and C n the cycle on n ≥ 3 vertices. 
Thus, if G and H are connected graphs, then
which will be used frequently to compare the degree distances of two related graphs. For a subset M of the edge set of the graph G, G − M denotes the graph obtained from G by deleting the edges in M , and for a subset M * of the edge set of the complement of G, G + M * denotes the graph obtained from G by adding the
Lemma 2. For integers i and j with
where T r is the path P a r +1 with an end vertex v r for 2 ≤ r ≤ m, and all trees T l with l = i, j and
and then
and thus
Now the result follows. 
, and thus
We have
with equality if and only if G i (a, m) = G(a, m). Thus, the result for m = 4 and i = 2 follows. To prove the result for m > 4, we need only to show that y) , and then
Let n = a + m + |V (T 1 )| − 1. Using Eqs. (1) and (2),
If a = 0, then by similar calculation, the last expressions for
Let r 1 and r 2 be the two roots of f (m) = 0, where r 1 ≤ r 2 . It is easily seen that
and
The result follows easily.
Lemma 4. For any unicyclic graph H with
u ∈ V (H), let H(a 1 , a 2 , . . . , a t ) be the graph obtained from H by attaching t ≥ 2 paths P a 1 , P a 2 , . . . , P a t to u, where a 1 ≥ a 2 ≥ · · · ≥ a t ≥ 1. For fixed k = a 1 + a 2 + · · · + a t , D (H(a 1 , a 2 , . . . , a t )) ≤ D (H(k − t + 1, 1, . . . , 1
)) with equality if and only if a
Proof. Suppose that G = H(a 1 , a 2 , . . . , a t ) is a graph with the maximum degree distance satisfying the given condition. Suppose that there is some i such that a i ≥ 2 for 2 ≤ i ≤ t in G. For fixed a s with s = i − 1, i, and fixed unicyclic graph H, we write G = H(a i−1 , a i ). Denote by v 1 and v 2 the pendent vertices of the path P a i−1 and P a i , respectively, and v 3 the neighbor of v 2 in G.
Let Q be the (unicyclic) graph obtained from G by deleting the vertices of the paths 
It follows that
with equality if and only if U n,m (a, b) = U n,m (s, 0), and for m = 4 and k ≥ 2,
with equality if and only if
Proof. For U n,m (a, b), let u 1 be the pendent vertex of the path attached to v 1 , let u 2 be the pendent vertex of the path attached to v 3 if b ≥ 1, and let u be a pendent vertex adjacent to
Then the result follows.
3 The maximum degree distance of unicyclic graphs of given maximum degree Stevanović [14] determined the unique n-vertex tree of given maximum degree with the maximum Wiener index. By the relation between the Wiener index and the degree distance for trees [2] , this tree is also the unique n-vertex tree of given maximum degree with the maximum degree distance. In this section, we determine the maximum degree distance of n-vertex unicyclic graphs of given maximum degree, and the corresponding graphs whose degree distances achieve this value.
A pendent path at a vertex v of a graph G is a path in G connecting vertex v and some pendent vertex such that all internal vertices (if exist) in this path have degree two and the degree of v is at least three.
Suppose
from which we have the expressions for W (U
n,∆ , note that v 1 is the vertex with degree ∆, let u be a pendent vertex adjacent to v 1 for ∆ ≥ 4, and u 1 the pendent vertex of the path attached to v 1 . Then
By similar calculation, we have
Let U(n, ∆) be the set of n-vertex unicyclic graphs with maximum degree ∆, where 2 ≤ ∆ ≤ n − 1. Obviously, U(n, 2) = {C n } and U(n, n − 1) = {U 
, and U
for n ≥ 37 are the unique graphs with the maximum degree distance, and the expressions for
Proof. Let G be a graph with the maximum degree distance in U(n, ∆). Let C be the unique cycle, and v a vertex of degree ∆ in G. Since ∆ ≥ 3, we have G = C n . Case 1. v lies on C. By Lemma 1, the vertices outside C are of degree one or two, and the vertices on C different from v are of degree two or three. By Lemma 2, there is at most one vertex on C different from v with degree three. Thus, G is a graph obtained by attaching ∆−2 paths to v and attaching at most one path to a vertex on C different from v. By Lemmas 3 and 4, we know that the cycle length of C is three or four, and among the pendent paths at v in G, there is at most one path with length at least two. If the cycle length of C is three, then by Lemma 5, we have G = U In this case ∆ ≤ n − 3. Suppose that u is the vertex on C that is nearest to v. By Lemma 1, the vertices outside C different from v are of degree one or two, and the vertices on C are of degree two or three. By Lemma 2, there is at most one vertex on C different from u with degree three. By Lemma 4, among the pendent paths at v in G, there is at most one path with length at least two.
Denote by G * the graph obtained from G by deleting the vertices of the subtree attached to u. Suppose that G * = C 3 . By Lemma 3, G * is either U k,3 , or U k,4 for which the two vertices on C 4 of degree three are non-adjacent, where 4 ≤ k ≤ n−∆. 4 . Denote by u 1 the vertex on C 3 with degree three different from u, u 2 the pendent vertex of the path attached to u 1 , and u 3 the neighbor of u outside C 3 in G(k, 3) . Let
First suppose that G = G(k, 3). Let Q be the subtree attached to u. For
and thus D (G 1 ) > D (G(k, 3) ).
Now we consider G = G(k, 4). Using Eqs. (1) and (2), and by similar calculation of D (G(a + 2, m − 2)) − D (G(a, m) ) as in the proof of Lemma 3, we have D (G(k, 3) ) − D (G(k, 4)) = 6k − n − 22, and thus , 4) ), and if k ≥ 5 and n > 6k − 22, then
n,∆ . Denote by w the pendent vertex of the longest pendent path at v, and w 1 the neighbor of w.
Combining Cases 1 and 2, we have
Now the results for ∆ = 3, 4, 5, n − 2 follow by direct calculation, proving (i) and (ii). Suppose that 6 ≤ ∆ ≤ n − 3. For 9 ≤ n ≤ 14, we have
n,∆ ) because the discriminant of the quadratic equation ∆ 2 − (n + 1)∆ + 5n − 11 = 0 on ∆ is n 2 − 18n + 45 < 0, and for n ≥ 15, we have
2 .
. Now (iii) follows.
The first seven maximum degree distances of unicyclic graphs
In this section, we consider the first seven maximum degree distances of n-vertex unicyclic graphs and characterize the graphs whose degree distances achieve these values. First we give some lemmas. Let T s n be the tree obtained from the path P n−1 = u 0 u 1 . . . u n−2 by attaching a pendent vertex to u s , where 1 ≤ s ≤ n − 2.
In the following, if the symbol 
Suppose that all the three pendent paths at x are of length one in G 0 . Denote by x 1 , x 2 and x 3 the pendent neighbors of x in G 0 . Let
On the other hand, by similar calculation of
Next suppose that t = 3 and there is exactly one vertex, say y, with maximum degree three in T . Denote by a and b the lengths of the two pendent paths at y,
k ) are respectively the unique graphs with the second and the third maximum degree distances, and the fourth maximum degree distance is only possibly achieved by
On the other hand, it is easily seen that
which is negative if |V (H)| = 3 and positive if |V (H)| ≥ 4. The result follows.
Let U 1 (n) be the set of n-vertex unicyclic graphs of the form C 3 (T ), and U 2 (n) the set of n-vertex unicyclic graphs of the form C 3 (T 1 , T 2 , T 3 ), where at least two of T 1 , T 2 , T 3 are not P 1 .
Lemma 7. Among the graphs in
n−2 ) for n ≥ 6, and C 3 (T n−4 n−2 ) for n ≥ 7 are respectively the unique graphs with the first, the second, the third, and the fourth maximum degree distances, which are equal to . Suppose that n = 8, 12. Let Q n be the graph obtained by attaching two paths P 2 and P n−5 to a vertex of a triangle. Let G be a graph in U 1 (n) different from the graphs with the first four maximum (H(a i−1 + 1, a i − 1) 
, and thus the result for n = 6 follows by direct calculation. In the following suppose that n ≥ 7.
If |V (T 3 )| ≥ 2, then by Lemmas 1, 2 and using the equation on
Suppose that |V (T 3 )| = 1. If |V (T 2 )| = 2 and G = C 3 (P n−3 , P 2 ), then by Lemma 6, m (a, b) ) in the proof of Lemma 5 with k = 0, we have D (C 3 (P n−4 , P 3 )) < D (C 3 (P n−3 , P 2 )). Thus, C 3 (P n−3 , P 2 ) is the unique graph with the maximum degree distance, and (a) follows.
Note that the second maximum degree distance is only possibly achieved by C 3 (T 1 n−3 , P 2 ) or C 3 (P n−4 , P 3 ). It is easily seen that D (C 3 (T 1 n−3 , P 2 )) − D (C 3 (P n−4 , P 3 )) = 2(n − 13).
Then (b) follows easily. Now we consider (c). Suppose that n = 7, 8. Let G = C 3 (P n−3 , P 2 ), C 3 (P n−4 , P 3 ). By Lemmas 1 and 6, for n = 7, D (G) ≤ max{D (C 3 (P 3 , P 2 , P 2 )), D (C 3 (T 
